Abstract. We consider Hardy's integral inequality and we obtain some new generalizations of Bicheng-Debnath's recent results. We derive two distinguished classes of inequalities covering all admissible choices of parameter k from Hardy's original relation. Moreover, we prove the constant factors involved in the right-hand sides of some particular inequalities from both classes to be the best possible, that is, none of them can be replaced with a smaller constant.
Introduction.
In the 1920s, Hardy (cf. [3, 4] ) proved the following integral inequality: let p, k ∈ R, p > 1, k ≠ 1, and for x ∈ (0, ∞) denote
where f is a nonnegative measurable function such that The relation (1.2), the so-called Hardy's integral inequality, plays a highly important role in mathematical analysis and its applications. Although classical, that result was during the last decade generalized in many different ways by numerous mathematicians. One possibility of generalizing it is to investigate its finite sections, that is, inequalities of the same type, where the outer integrals on both sides of (1.2) are, instead over (0, ∞), taken over some of its subsets.
Very recently two papers, [1, 2] , appeared dealing with that subject. In [2] , which is the earlier one, Y. Bicheng 
Moreover, in cases where a = 0 or b = ∞ the authors proved that the constant factors involved in the right-hand sides of (1.3) and (1.5) are the best possible, while in the case where 0 < a < b < ∞ they provided some upper and lower bounds for maxima of the functions g p,a,b and h p,a,b .
Note that Bicheng-Debnath results consider only two particular cases of the parameter k from inequality (1.2): k = p in (1.3), and k = 0 in (1.5). Therefore, the aim of this paper is to generalize these relations to cover all admissible choices of the parameter k from Hardy's integral inequality.
Hence, our main objective will be to obtain two distinguished classes of inequalities: one of them dealing with k > 1 and generalizing the class (1.3), and the other one considering k < 1 and generalizing the class (1.5). Furthermore, we will make a detailed analysis of the weight functions appearing on the right-hand sides of all derived inequalities, what will be used in proving that the obtained constant factor (p/|k − 1|) p is the best possible in cases where a = 0 or b = ∞. Finally, we will show that the best possible constant value in the case where 0 < a < b < ∞ is bounded. The established inequalities will conclude the problem of the Bicheng-Debnath-type finite sections of (1.2). Techniques that will be used in the proofs are mainly based on classical real analysis, especially on the well-known Hölder's and Bernoulli's inequality, and on Fubini's theorem.
Preliminaries.
First, we present some lemmas which are interesting in their own right and will be used in proofs of our main results.
Proof. Let 0 ≤ a < b ≤ ∞ and x ∈ (a, b) be arbitrary. Using Hölder's inequality we have
Observe that the equality holds in (2.1) and (2. 
holds for all n ∈ N. Therefore, for each n there is the equality in Hölder's inequality, so the functions t t
, that is, there are nonnegative real constants c n and d n , not both zero, such that
, what is evidently false),
On the other hand, it is impossible to have d n = 0 for all n ∈ N, since x n b and
This contradicts the fact that
The following lemma contains a result dual to Lemma 2.1. The proofs of both lemmas are similar.
Proof. First, assume that 0 ≤ a < b ≤ ∞ and x ∈ (a, b) are arbitrary. A direct application of Hölder's inequality yields
As in Lemma 2.1, a necessary and sufficient condition for the equalities in (2.7) and (2.9) is that the equality holds in Hölder's inequality. Now, we consider cases where a = 0 or b = ∞. We need to show that there exists a number x 0 ∈ (a, b) such that for any x ∈ (a, x 0 ) the inequality in (2.7) is strict. Otherwise, there exists a decreasing sequence (x n ) n∈N in (a, b), x n a, such that for any n ∈ N the inequality (2.7), rewritten for x = x n , becomes an equality. Moreover, to every n ∈ N there correspond real constants c n ,d n ≥ 0, not both zero, such that
By the same arguments as in the proof of Lemma 2.1 we conclude that c n > 0 for all n ∈ N, and there exists N ∈ N such that the relations d n /c n = d N /c N > 0 and
for both cases a = 0 and b = ∞. This is contradictory to
The last lemma in this section will be exploited in the analysis of some particular weight functions. Proof. Evidently, lim 
. It is only left to determine an upper and lower bound for ϕ c (x c ). We have 
Some new generalizations of Hardy's integral inequality.
This section is dedicated to some new generalizations of the relation (1.3). The parameter k from Hardy's original inequality (1.2) will be chosen greater than one.
We start with the basic result, given by the following theorem.
where the weight function g is defined by
and M(p, k, a, b) = max x∈ [a,b] g (x; p, k, a, b) . Moreover,
Proof. The proof is mostly based on Lemmas 2.1 and 2.3. Using the relation (2.1) we obtain
Note that the last equality in (3.4) is a consequence of Fubini's theorem. Since
5) the third row in (3.4) is further equal to 6) so the first relation in (3.1) is proved. To prove the other inequality in (3.1), denote c 
The proof of (3.1) is now completed. The inequality (3.3) holds immediately, if (ii) of Lemma 2.3 is used again.
Remark 3.2. The estimate (3.3) can be easily improved by an application of Remark 2.4, since considering (2.17) we have
Remark 3.3. Using Theorem 3.1 it is not hard to convince oneself in the validity of the following inequality:
Unfortunately, from the previous analysis (see (3.1) 
Remark 3.4. When p = 2, the inequality (3.1) reduces to the form
Observe that the second inequality is a consequence of Remark 2.5.
We continue with analyzing two limit cases of the parameters a and b. First, we consider b = ∞.
The function g is strictly increasing and 1/p < g(x; p, k, a) < 1 holds for all x > a. Moreover, the constant (p/(k − 1)) p is the best possible.
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